We investigate the natural displacement ventilation of a space connected to a body of warm fluid through high-and low-level vents. The space is subject to discrete periodic gusts of wind entering at high level from a cold exterior. The cold exterior air entering the space produces buoyancy differences between the space and the body of warm fluid, driving a ventilation flow. Initially we examine the case of a series of identical gusts of wind modelled as turbulent buoyant thermals. New laboratory experiments show that an approximately two-layer stratification is established and the height of the interface is quasi-steady if the period between thermals is much less than the draining time of the space but longer than the fall time of individual thermals. Experiments also show that the interface height depends on the average buoyancy flux associated with the wind gusts, the time between thermals as well as the geometric properties of the vents. This contrasts with the case of a continuous source of buoyancy where the interface height depends only on the geometric properties of the vents and is independent of the buoyancy flux. We develop a quasi-steady two-layer model of the flow based on the classical theory of turbulent thermals and show that it is consistent with our new experimental data. We generalize the model to explore the sensitivity of the results to temporal variations in the size of thermals. We then extend the model to explore the effects of longer interval times between successive thermals and find a two-layer stratification still develops but that the interface height now varies cyclically in time. We then discuss the implications of these results for the ventilation of a shopping mall subject to gusts of wind.
Introduction
A substantial body of literature has developed concerning the fluid mechanics of natural ventilation, as originally pioneered by Linden, Lane-Serff & Smeed (1990) . Much of this work has focused on the investigation of continuous sources of buoyancy and continuous flows through openings on the boundary of the flow domain. Additional work has focused on transient ventilation flows (Germeles 1975; Baines 1983; Kuesters & Woods 2011; Mott & Woods 2011) , the transient adjustment to steady state (Kaye & Hunt 2004; Fitzgerald & Woods 2007; Bower et al. 2008) , the effects of steady or slowly varying wind to modify the flow regime (Hunt & Linden 2001; Li & Delsante 2001; Jiang et al. 2003; Economidou & Hunt 2010) and situations in which there are multiple flow regimes (Hunt & Linden 2005 (a) ( b)
Exterior FIGURE 1. Flow regimes in natural displacement ventilation. (a) Natural upward displacement ventilation between the interior and exterior of a building due to a point source of heat (Linden et al. 1990 ). (b) Natural displacement ventilation between a space (A), and a warm connected space (B), due to cold gusts of exterior air entering space A at high level.
Lishman . Other work has explored the fluid dynamics of mixing ventilation (Woods, Caulfield & Phillips 2003; Kuesters & Woods 2011 ) and models of contaminant transport in natural ventilation (Hunt & Kaye 2006; Bolster & Linden 2007) . However, many naturally ventilated buildings are subject to fluctuations in the wind and this can lead to discrete gusts of wind entering a building, producing a qualitatively different unsteady flow associated with the exchange between the interior and exterior (Awbi 2003; Mott & Woods 2011 ). There are a number of situations in which such gusts can have a key role in the ventilation flow dynamics. A particular situation arises when there is a high-level vent connecting one space, A, to the exterior whilst that space is also connected to a second interior space, B, maintained at a warmer temperature than the exterior. In this case the inflowing gusts of cold exterior air lead to transient pulses of cooling in space A. As a result an exchange flow develops between space A and space B (figure 1b). If spaces A and B are connected by openings at different levels, then the fluid mechanics of this ventilation flow is analogous to the classical upward displacement flow studied by Linden et al. (1990) (figure 1a) except that the buoyancy source is now associated with the periodic gusts of cold air (figure 1b) rather than a steady source of heating. Although the flow configurations are somewhat analogous, in this paper we show that the detailed controls on the flow are in fact very different when the buoyancy source is provided by a series of discrete pulses.
The flow configuration shown in figure 1(b) is relevant to numerous public buildings including large shopping malls (space A) connected to department stores (space B) and open-plan office buildings (space B) connected to central atria (space A). Linden et al. (1990) established the important result that with a continuous source of buoyancy a two-layer stratification becomes established in the space, with the interface height only dependent on the geometric properties of the vents compared to the height of the room, and independent of buoyancy flux. This result follows by dimensional analysis, since the flow only depends on the buoyancy flux of the source and the geometry of the space.
Natural displacement ventilation driven by periodic gusting of wind 3
In the present problem, the discrete series of gusts leads to a mean effective buoyancy flux given in terms of mean gust buoyancy and interval time between gusts. However, there is a new independent time scale associated with the mean interval time between gusts; by combining this with the mean buoyancy flux and height of the room, we obtain an independent dimensionless variable. This additional parameter can lead to more complex controls on the flow and we show that flow cannot be described using the average buoyancy flux and the plume model.
In order to explore the dynamics of the flow, we have conducted a series of new waterbath laboratory experiments in which a series of identical turbulent buoyant thermals are added at regular intervals to the top of an enclosed space connected to an exterior through a high-and a low-level vent. Based on these experiments we have developed a simple analytical model of the flow using the classical theory of turbulent buoyant thermals (Morton, Taylor & Turner 1956 ) with a draining flow model (Linden et al. 1990) . The model and experiments show that in the limit of long draining time compared to interval time between thermals a quasi-steady stratification is established and we explore the controls of buoyancy flux and period between thermals on the interface height. As the buoyancy of thermals or the interval between thermals increases or the cross-sectional area of the space decreases the stratification becomes progressively more time dependent, with surfaces of constant density rising and falling as the system attempts to balance the constant draining flow with the discrete releases of buoyancy.
In § 2, using the classical theory of thermals (Morton et al. 1956 ) combined with that for draining flows (Linden et al. 1990 ) we find analytic predictions for the interface height in the limit in which the time for the space to drain is much longer than the interval time between thermals.
We then present a series of laboratory experiments in § 3, including detailed density profiles taken using a conductivity probe. Our experiments show that a two-layer stratification forms in cases where the interface is in the upper half of the space; however when the interface is close to the floor we see a more continuously stratified density profile. We compare the estimated experimental position of the interface with that predicted by the analytic model in § 2 and find good agreement.
In § 4 we use a numerical model to investigate the effect of thermals of nonidentical size entering the space. We find that in this situation the lower layer becomes stratified, similar to the effect observed in our experiments. We examine the case in which the interval time between thermals is of the same order as the time for the space to drain in § 5. We find analytic and numerical predictions of the movement of the interface in time. In § 6 we discuss some implications of this model for the temperature profiles in a building subject to gusts of wind, and conclude with some suggestions for additional modelling.
Model of a quasi-steady displacement flow
We first consider the supply of a series of discrete identical turbulent buoyant thermals at regular intervals from the ceiling of an enclosed space. As a thermal descends, it entrains fluid, growing in volume as it moves further from the source. Each dense thermal will reach the floor, spread to the walls and form a layer of fluid. In a totally enclosed space, these layers are then advected upwards towards the source by the supply of subsequent thermals and a stable stratification develops (Mott & Woods 2011 T h e r m a l t a i l T h e rm a l n o s e FIGURE 2. The solid lines shows the movement of fronts of constant density as successive thermals are released with period τ i . The dotted lines show the trajectory of the nose and tail of the thermal as it descends in the space, entraining fluid.
If openings are now made in the floor and ceiling connecting the space to a large second space the dense fluid near the base of the space will drive a flow out through the floor and a corresponding inflow will develop through the ceiling vent. At the time of entry of a wind-driven thermal to the space, the volume inflow is exactly matched by an outflow through these upper and lower openings to the adjacent space; in turn, we implicitly assume that there is an outflow from that adjacent space to the exterior to match the inflow. The supply of thermals is a discrete process and the draining of fluid is a continuous one, so no steady state is achieved.
A horizontal cross-section or front of fluid with constant density moves downwards due to draining during the period between thermals and returns upwards as a thermal passes. In the limit that the interval time between thermals is much shorter than the time to drain the buoyant fluid from the space, the downwards draining movement between successive thermals does not displace the front downwards very far, and the descent speed of the front may be modelled as being approximately constant and independent of the location of the front. The distance the front moves up as each successive thermal passes is however proportional to the volume of a thermal at the height at which it passes the front, and increases with the front's distance from the ceiling. Provided the time to drain the buoyant fluid from the space is much longer than the interval time between thermals, then there exists a front whose net position over the time between successive thermals does not change. Above this height, fronts migrate downwards over time and below it fronts move upwards. In figure 2 we show the movement of several fronts as a series of thermals is released into the space.
This movement of fronts leads to the sharpening of an interface zone and a quasisteady state develops between a lower layer of dense fluid and an upper layer of external fluid. In an idealized situation of pure releases of buoyancy generating each thermal the interface zone fluctuates in elevation in relation to the floor in a cyclical fashion, draining during the period between thermals and returning upwards as each thermal passes ( figure 3a) . If the thermal enters the space with finite mass, this can lead to a small additional downwards displacement relative to just the draining flow (figure 3b). In this model, the interval time between the release of successive thermals is τ i and this equals the interval between successive thermals entering the lower layer (figure 3). It is however possible that more than one thermal may be descending through the space at a given point in time, provided that successive thermals do not interact. If the thermals are small compared to the volume of the space, this latter condition requires the descent time of the thermals to be comparable to or shorter than the interval between thermals, τ i ( § 5).
Theory
We consider a space of cross-sectional area A and height H containing a vent at the ceiling of area a u and one on the floor of area a l . Each vent connects the space to a large exterior of density ρ 0 and flow through the vents is assumed to be driven by pressure differences between the space and the exterior.
We use the theory of Morton et al. (1956) to obtain expressions for the volume V and buoyancy B = Vg of a thermal as a function of the distance from the ceiling z assuming it is moving through a homogeneous medium of density ρ 0 , the reduced gravity g = g(ρ − ρ 0 )/ρ 0 being measured relative to the density of the exterior fluid ρ 0 :
where is an entrainment constant for thermals (Morton et al. 1956; Turner 1979) found experimentally by Mott & Woods (2011) to be 0.37 ± 0.02 and V s , B are the initial volume and buoyancy of the thermal respectively. Thermals are assumed to be released at regular intervals with period τ i . If a layer of dense fluid of depth H − h and reduced gravity g > 0 occupies the base of the space which is otherwise filled with exterior fluid (g = 0), the buoyancy difference between the interior and exterior produces a pressure difference. This drives a flow in through the upper opening and out through the lower opening with volume flux Q given by Mott and A. W. Woods (Linden et al. 1990) . Here A * is the effective area of the vents in this flow regime and is given by
in which c u and c l are the discharge coefficients for inflow though the upper vent and outflow through the lower vent respectively. In the absence of thermals the time τ d for a layer initially of depth H − h 0 and reduced gravity g to completely drain from the space is given by Linden et al. (1990) as
.
( 2.4) 2.1.1. Thermals entering the space If a thermal of finite volume V s enters the space an equal volume must be removed from the space through the upper and lower vents at the same time. To model this process we assume that the pressure difference between the interior and exterior associated with the gust of wind entering the space is much greater than that associated with the buoyancy difference between the interior and exterior. We can therefore partition the volume leaving through the upper and lower vents V u , V l according to their areas as
wherec u is the discharge coefficient associated with outflow through the upper vent.
High-frequency gusts τ d τ i
We now look at the limit in which the time to drain the space τ d is much longer than the interval time between thermals τ i . In this limit the movement of the interface as it drains between thermals is small and so we can approximate the rate of draining as constant between the supply of successive thermals; using the model predictions, we then determine a quantitative expression for the ratio τ d /τ i (see (2.9) below) which illustrates when this model applies.
Over one cycle of thermal release, with interval time τ i , in quasi-steady state the buoyancy entering the space in a thermal must equal that leaving the space as the lower layer drains. Equating these two buoyancies gives the following relation:
where g l is the reduced gravity of the lower layer. Combining (2.1) and (2.6) and writing ζ = h/H gives the relation for the quasi-steady height of the interface:
(1 + αζ )
. In figure 4 we plot ζ as a function of γ for several values of the parameter α. To test the validity of this model we use (2.4) to express the ratio between the draining time for the lower layer and the interval time τ i as
(2.9)
The limit described in this section holds provided this ratio is 1. A typical room has a greater width than height, has been found experimentally to be 0.37 ± 0.02 and so we expect A/(H 2 3 ) ∼ O(10 2 ). In figure 5 we plot τ d /τ i as a function of interface height for A/(H 2 3 ) = 100 for three different values of α. We see that provided the interface position is not close to the floor, the limit τ d /τ i 1 holds.
Point-source thermals
The limit V s = 0 with finite buoyancy B corresponds to the release of a series of ideal point-source thermals. In this case (2.7) becomes
This is analogous to (2.11a) of Linden et al. (1990) which described the height of the interface in the case in which the buoyancy is supplied by a continuous turbulent buoyant plume. Both are dependent on the geometric quantity A * /H 2 . Dimensional analysis shows that in the case of the steady plume, this is the only parameter on which the interface depends. However in the case of a series of thermals there are two time scales, one introduced by the buoyancy of each thermal,
and then the time scale associated with the interval between thermals, τ i . This leads to a possible dependence of the interface height on the ratio between these two time scales; indeed, in figure 6 we plot ζ as a function of B 1/2 τ i /H We can write the mean buoyancy flux in terms of the frequency and buoyancy of each thermal, F = B/τ i , and using this definition, we can write (2.10) in the form
Additionally using (2.1) we may find an expression for the reduced gravity of the lower layer in terms of this effective buoyancy flux: In figure 7 we plot ζ and g /ĝ as a function of B/B. We see that for fixed mean buoyancy flux, defined as above, and a constant value of A * /H 2 , the reduced gravity varies with the buoyancy supplied in each thermal, B. This is in contrast to the case of the continuous supply of buoyancy from a turbulent buoyant plume in which the reduced gravity depends only on the buoyancy flux and A * /H 2 (Linden et al. 1990) .
3. Experimental model 3.1. Method In order to test the model described in § 2 a series of experiments was carried out using a salt bath method. A tank of horizontal cross-section 39.5 cm × 39.5 cm and depth 23 cm was used to model the room. The tank contained four circular holes of diameter 1.5, 1.2, 1, 0.8 cm, all at the base of the tank and which could be left either open or closed. The ceiling was open, such that the effective area A * (2.3) in the space was controlled only by which of the lower holes were open. The tank was immersed in and suspended well above the base of a large reservoir filled with fresh water.
A nozzle specially designed to produce turbulent buoyant thermals, described by Mott & Woods (2011) , was placed 23 cm from the base of the tank. The nozzle was supplied with dense saline solution in the range 10-20 wt% from a separate container by a computer-controlled peristaltic pump which in each experiment delivered near identical pulses of 4-7 cc lasting for times of ∼0.3 ± 0.2 s, at regular intervals in the range 7-20 s. The time evolution of the mass of the supply vessel was measured to calculate the mean thermal volume V, and the standard deviation σ of thermals entering the tank. It was found that the size of thermals varied very slightly and the standard deviation was found to be (0.1-0.15)V.
In each experiment the evolution of the vertical density profile was measured using a conductivity probe in a method similar to that described by Mott & Woods (2009) . The conductivity probe syphons a tiny volume of fluid from its tip through the instrument and records a varying voltage signal according to the salinity of the fluid being syphoned. The probe was calibrated by measuring salt solutions of known 10 R. W. Mott and A. W. Woods salinity to obtain a relationship between voltage and density, with error less than ∼0.1 wt% salt corresponding to a buoyancy of 0.001 m s −2
. The probe was controlled from above the tank and carried out vertical traverses of the tank every 1-2 min. Data were recorded from downward traverses, each lasting 10-15 s which is much less than the time scale on which the density profile was seen to evolve and so it was assumed that each profile represented an instantaneous measure of the density profile.
In order to find the effective area A * with one or more vents open a series of calibration experiments was carried out. In these all the lower holes were blocked and the tank filled with salt solution of a known density. One or more of the bungs blocking the holes were then removed, the dense fluid drained through the base of the tank and fresh fluid from the reservoir entered through the ceiling. The conductivity probe was used to measure the evolution of the height of the interface between the two layers. The data were then fitted to (2.2) to obtain a value for A * in each configuration; these data suggest that to good approximation the ratio of the effective area to the physical area is ∼0.7.
The draining time for experiments was found to be of the order 1000 s; this is much longer than the interval time used in experiments, 7-20 s, and so we expect the model described in § 2.2 to apply. As a result, the interface height should be nearly constant in steady state. We were unable to achieve a state in which the interval time was of the same order as the draining time due to the limits of the tank used.
In each experiment, prior to the supply of thermals, the tank was filled with fresh reservoir water. Conductivity profiles were constantly examined throughout each experiment. When the supply was switched on a stratification was seen to evolve in the tank and an outflow through the lower vents developed. After approximately 30 min the conductivity profile was seen to reach what appeared to be steady state; subsequently the experiment was allowed to run for 10 min and if there was no change in the conductivity profiles seen it was assumed to have reached the quasi-steady state described in § 2.
Previous work using the nozzle (Mott & Woods 2011) has shown that there is a zone of adjustment below the nozzle that requires a correction term z v such that the volume of a thermal a distance z from the source is given by
(3.1)
In these experiments, z v was found using the reduced gravity g m of the lower layer and interface height h m measured in the experiments by writing
It was found to have value 2.0±0.5 cm, consistent with previous work (Mott & Woods 2011) .
Results
In figure 8 we show concentration profiles measured in the tank for two different values of the parameter γ . We see that for smaller values of γ (figure 8a) when the interface is near to the source, the density profile is well-approximated by a twolayer model, as predicted in § 2. However as γ is increased, the interface is located further from the source and becomes more diffuse, with a more gradual change in density with height (figure 8b). For interfaces further from the source, there is greater entrainment of fluid into the thermals before they reach the interface zone and spread , as a function of dimensionless distance from the source, ζ . The solid line shows the profile measured experimentally whilst the dashed line shows the two-layered profile estimated using the buoyancy method described in § 3. out into the background fluid. Since the volume of the thermals increases with distance from the source, variations in initial thermal size therefore tend to involve a larger volume of fluid and hence produce a more gradual variation in the background density with height compared with the case in which the interface is closer to the source, and hence in which the thermals are smaller. In addition, the thermals may not be entirely well-mixed but may retain some inhomogeneities, which will also lead to a more diffuse interface region, and the effect of such inhomogeneities will be greater if the size of the thermals is greater. We note however, that the effects of diffusion may also have an impact on the detailed structure and width of the interface between the layers, as originally discussed by Baines (1983) , and more recently by Mott & Woods (2009) in the context of turbulent mixing across the interface.
As a means of comparing our experiments with the predictions of the two-layered model in § 2 we seek a method to estimate equivalent two-layer profiles from our experimental data. If an experimental density profile and two-layer model density profile are equivalent we expect the volume flux Q out and the buoyancy flux F out leaving the space to match:
In addition we expect the average volume flux passing through the model interface associated with the thermals Q th to match the flux draining from the space:
We therefore have three constraints on the system. However, when selecting a twolayer profile we have only two free variables: the height of the interface and the .7). +, the interface height estimated using the buoyancy conservation method ζ B ; ×, the interface height estimated using the volume conservation method ζ V . Heights have been scaled according to (3.6) in order to compare all data on one figure. reduced gravity of the lower layer and so the model system is over-constrained. We now use two methods to estimate an equivalent two-layer profile, each of which seeks to match two of these three quantities.
We first seek to match the buoyancy flux and volume flux leaving the space. To do this we assume that the lower-layer reduced gravity of the two-layer profile is equal to that measured at the base of the space g (H) and then select an interface height ζ B such that the volume flux Q out (3.3) is equal in both the two-layer and stratified models. Figure 8 shows examples of experimental profiles and two-layer profiles obtained in this way.
As a second method we seek to match the volume flux leaving the space and the volume flux entering the lower layer. We estimate the volume flux leaving the space over the interval time between thermals by integrating the measured profile. We then chose an effective interface height ζ V to be at a distance from the source where the volume in a thermal matches this:
There is some discrepancy between the two different predictions of the effective interface heights ζ V and ζ B since the measured profiles have a somewhat diffuse interface zone rather than a sharp density interface as predicted by the model. Comparison with the model of § 2.1 however shows that typically the effective interface heights obtained from experiments lie within 5 % of the model's predictions and so the two-layer model does provide a useful framework for understanding the key controls on the system. We note that a part of this discrepancy may arise from the small variations in size of thermals released from the source.
In figure 9 we plot the positions of the effective interfaces ζ V , ζ B as a function of γ . We also plot the analytic predictions of (2.7). In order to compare experiments with different values of α in this figure we have applied the following transformation to add , V s and H. In each plot experiments are shown with different thermal buoyancy. In (a) B and τ i were varied such that B/τ i remained constant. In (b) B and τ i were varied such that B 1/2 τ i remained constant. The solid line shows the predictions of the analytical model assuming a two-layer stratification (2.7). +, the effective interface height estimated using the buoyancy conservation method ζ B ; ×, the effective interface height estimated using the volume conservation method ζ V . B R = 5 × 10 −6
. Heights have been scaled according to (3.6).
a virtual origin such that the data from each experiment may be compared with the point-source theory:
In figure 10 (a) we plot the interface height for six experiments with identical buoyancy flux B/τ i and identical values of A * and H, and see significant variation in the interface height. In figure 10(b) we plot the interface position for six experiments with identical values of the parameter B 1/2 τ i and also A * and H. In these we see that the interface position remains approximately constant despite varying B and τ i .
Thermals of varying size
In many situations we expect thermals to be non-identical in size. In this case we expect the reduced gravity of thermals as they enter the lower layer to be variable and therefore expect the lower layer to be more continuously stratified, rather than being well-mixed.
In order to illustrate this effect, we have developed a model to solve the equations of motion for a thermal exactly using a Runge-Kutta scheme. The model discretizes the fluid into thin horizontal layers separated by sharp interfaces, following the approach of Germeles (1975) . We assume that the time for a thermal to enter the space and fall to its neutral height τ f is much less than the time between thermals τ f τ i τ d and so thermals are introduced to the space instantaneously (cf. § 2). Thermals descend from the source until they either reach the floor of the space or are arrested by the stratification. As a simplification we ignore penetrative entrainment as the thermals intrude into the background fluid; once a thermal has been arrested, a new layer of fluid corresponding to that in the thermal is introduced at the height at which the fluid is neutrally buoyant. The original background fluid is then advected back towards the source to conserve volume as in the approach of Germeles (1975) . Between thermals we assume that the space drains at a rate Q = A * g dz 1/2 . To model the variation in initial size we use a log-normal distribution defined such that if X is a random variable with a normal distribution then Y = exp(X) has a log-normal distribution. A series of thermals is characterized by the mean initial volumeV s and a standard deviation σ . The mean sizeV s introduces a corresponding dimensionless variable α = H/V s 1/3 . After long times the system reaches an approximately steady state in which variations in the stratification are due only to the varying nature of the thermals. In this regime over long times the buoyancy entering the space is equal to that leaving. In figure 11 we plot the density profiles predicted by our model forᾱ = 4.3, n v = 0.00019, and (a)γ = 0.1, (b)γ = 0.76, wheren v =V s /HA is the average volume of the thermals at the source, normalized with the volume of the space. In each plot we show the profile for thermals of identical size (dotted line) and for σ/V s = 1 (dashed line), σ/V s = 2 (solid line). We see that the lower layer becomes more continuously stratified owing to the variation in thermal size. Indeed as the variation in size becomes larger we see that the density increases more gradually with depth below the interface, except in a region near the base of the space where the density increases rapidly. This region is produced by the larger thermals which are periodically released from the source and which remain relatively dense. The total buoyancy in the space g dz is reduced with more variation in the size of thermals and as a result, the ventilation flow rate is smaller than for the case in which all thermals are of the same size. This does lead to the same mean buoyancy flux leaving the space in each case.
We note here that it is also likely that the interval time between successive thermals τ i may vary about some meanτ i and we might expect this also to lead to the space becoming more smoothly stratified. However in the limit τ d τ i in which we work here we expect the interface height to remain approximately constant, provided the variations in τ i are of the same order asτ i τ d . A series of identical thermals with varying interval time τ i would therefore arrive at the interface with equal reduced gravity and so we still expect the model described in § 2 to apply using the mean interval timeτ i . This contrasts with the case of thermals of varying initial size described above in which more complex behaviour is seen leading to a more linearly stratified space.
Low-frequency, fast drainage τ d ∼ τ i
If the space has a relatively small cross-sectional area A or the delay between thermals becomes long then the assumption that τ d τ i may no longer be valid. We now investigate the case in which these two time scales are of the same order τ d ∼ τ i . If τ d ∼ τ i it is possible for a significant volume of fluid in the space to drain between the supply of successive thermals; if each thermal is sufficiently large, then the vertical density gradient may move a significant vertical distance between the release of successive thermals and the density profile can no longer be approximated as constant. For the limit of short fall times τ f τ d ∼ τ i , which applies, for example, when the area of the opening to the adjacent space is small so that the draining flux is relatively slow, we develop the model of § 2 to predict the height of the interface as it varies over time between successive thermals τ i . We show that the interface may reach the floor or ceiling of the space and find the critical values of the parameter γ at which this first occurs. In this model, the drainage volume, and hence vertical migration of the density profile, is controlled by the volume of the thermal when it becomes arrested by the stratification. In the present model, we restrict attention to the case in which the thermal volume at the interface is smaller than the volume of the enclosure, so that the mixing and entrainment are not constrained by the boundaries of the enclosure, V(ζ H) < AH (2.1); it would be interesting to extend the model to consider the different situation in which the walls of the enclosure limit the mixing into the thermal, although this would require an additional series of experiments to provide new parameterizations for the mixing rates of the thermal.
In § 5.2, we extend the model to explore the case in which the fall time is of the same order as both the time interval between release of thermals and the draining time τ d ∼ τ i ∼ τ f (see (5.7) below), and show some illustrative calculations for the vertical movement of the density interface. τ f , for which the time for a thermal to enter the space, descend to and cross the interface τ f = τ 2 + τ 3 + τ 4 (figure 3) is much smaller than either the interval time between the supply of thermals τ i or the draining time τ d . The interface is assumed to move according to the draining relation, (2.2), for time τ i . A thermal is then released into the space causing the interface to move downwards by an amount λV s /A at which point it is at its furthest position from the source ζ max . Given the separation of time scales, the thermal is then assumed to fall instantly to and pass through the interface causing it to move upwards by V(ζ max )/A to its closest position to the source ζ min . The interface then moves again according to the draining equation and the cycle is repeated. To describe this motion, we use (2.2) for the draining flow subject to the conditions that ζ = ζ min at t = 0 and ζ = ζ max − λV s /AH at t = τ i to give
Here n v = V s /AH is the volume replacement number which represents the number of thermals required to replace all the fluid in the space in the absence of mixing; g l is equal to the buoyancy of the thermals when they reach the interface and this occurs when the interface is at position ζ max . Additionally using (2.1) we can relate ζ max and ζ min by
Substituting (5.2) into (5.1) and using (2.1) for g l we obtain the following equation for ζ max :
We note that this reduces to (2.7) in the limit that the movement of the interface is small when compared to the depth of the lower layer, n v (1 + αζ max ) 1 − ζ max ; in fact this is equivalent to τ i τ d . We illustrate the variation of ζ min and ζ max as a function of γ in figure 12 . In (a) α = 1, n v = 0.02, λ = 0.5 and in (b) α = 5, n v = 0.01, λ = 0.5. We see that the distance between ζ min and ζ max increases as γ increases and the lower layer becomes further from the source. Comparing figures 12(a) and 12(b) we see that as α increases from 1 to 5, the thermals become small and the mixing more efficient. This leads to a lower mean interface height for given γ .
In addition we illustrate the position of the interface as predicted by the simple model of § 2, (2.7). We see that the constant-interface approximation closely predicts the position of ζ max when γ is small but as γ increases progressively larger fluctuations of the interface height arise.
Limiting cases
In developing this model (5.3) we have assumed that the interface remains at all times within the space (0 < ζ max , ζ min < 1). We can however envisage two end members in which this may not be the case.
If the delay time between thermals τ i becomes very large the space may drain completely before a new thermal is released. In this limit, as γ increases the position of the lower interface ζ max becomes progressively closer to 1 and reaches the floor of FIGURE 12. Distance of the upper interface ζ min (dashed line), lower interface ζ max (solid line), single interface height in the limit τ i τ d (dotted line) from the ceiling as a function of the parameter γ . In (a) α = 1, n v = 0.02, λ = 0.5, and the inset shows a close up in the region near to γ c below which ζ min = 0. In (b) α = 5, n v = 0.01, λ = 0.5, and γ f is marked above which the lower interface ζ max = 1.
the space (figure 13a) at the critical value
For values of γ > γ f there exists a time within each cycle during which the space contains no fluid supplied by thermals. Conversely if the time between thermals becomes relatively short compared to the draining time, the upper interface ζ min may reach the ceiling (figure 13b). In this limit, provided that each thermal is sufficiently small that αζ max 1 we can approximate (5.3) and (5.2) to show that the critical value at which the upper interface reaches the ceiling is given by
For values of γ < γ c the volume of a thermal is such that when it passes through the interface, the interface moves upwards and reaches the ceiling and some lower-layer 18 R. W. Mott and A. W. Woods Interface height 
fluid is vented through the upper opening. In this limit γ < γ c , the position of the lower interface is given by (5.2) and has the approximate form
This may be seen in the inset in figure 12 (a).
5.2.
Long fall time τ d ∼ τ i ∼ τ f For a thermal entering the space with negligible initial speed, the time for the centre to travel a distance ζ from the source, τ 3 , is given by
This may vary independently of τ i , τ d and may in some situations be of the same order. Indeed, if the openings to the adjacent space are sufficiently large, then the draining time may become comparable to the fall time for a thermal to descend through the space, τ d ∼ τ f . If, in addition, the interval between thermals is comparable to or longer than the descent time of the thermals, so that the successive thermals behave independently, then the flow may again be described as a process of discrete thermaldriven mixing. Note however, that as the interval between thermals decreases to values smaller than the descent time, then we expect that the thermals will interact and for sufficiently small intervals, the thermals will merge, leading to a more continuous plume-type ventilation flow (cf. Linden et al. 1990 ).
To examine the movement of the interface in the case τ d ∼ τ i ∼ τ f , we assume that the space is constantly draining according to (2.2) and that thermals enter the space instantaneously. The interface is then assumed to move up as fluid in a thermal passes through it in order to conserve volume. We then solve the following equation for the movement of the interface between t = 0 and τ i : 
where δ is the dirac delta function, u is the speed of the centre of the thermal relative to the interface and Φ the area of the thermal crossing the interface (Φ = 0 when the thermal is not passing through the interface). In this equation the first term on the right-hand side represents the draining flow, the second term thermals entering the space and the third term thermals passing the interface. For simplicity, we assume that the thermal volume and speed do not change as it passes the interface; this is equivalent to assuming that the thermal passes the interface when the centre of the thermal passes the interface. We first choose a fixed value for g l and u then solve (5.8) iteratively until after one cycle of time t = τ i the start and finish positions of the interface are equal. As an example, in figure 14 we plot the interface position as a function of time for α = 2.7, λ = 1, and: (a) γ = 0.45, n v = 0.008, τ 3 /τ d = 0.42, τ 4 /τ d = 0.15; and (b) γ = 0.93, n v = 0.004, τ 3 /τ d = 0.21, τ 4 /τ d = 0.58. In each case we also plot the predictions of the short fall time model described in § 5.1 and the constant-height approximation from § 2.2.
The lower layer continues draining as a thermal passes though the interface and so the difference between ζ min and ζ max is reduced when compared to the case τ f τ d FIGURE 15. Schematic of a shopping mall or office building in side and plan view. The unheated atrium is connected to multilevel shops or offices containing many sources of heat. Gusts of wind enter the atrium at high level and may affect the ventilation dynamics of the atrium.
( § 5.1). We may now reinterpret the two cases previously discussed: the constant interface height τ d τ i and τ d , τ i τ f as two limits of the full solution discussed here.
Application
An application of this model concerns the natural ventilation of a large atrium in a shopping centre connected to a series of multiple-storey shops, each containing a heat source ( figure 15) . If the atrium is unheated and subject to gusts of cold outside air through a vent at the roof, then our model gives insight into the resulting stratification within the atrium. As an example we consider an atrium of area 500 m 2 , 10 m high connected via ground-and first-floor doorways of effective area A * = 10 m 2 to heated shops supplying air T warmer than outside. We consider gusts of volume 1-10 m 3 entering the space every 15 s. In figure 16(a) we plot the height of the interface between the cold lower layer and the warm upper layer of air in the atrium as a function of the temperature difference T for gusts of initial size 1, 5, 10 m 3 . We see that for a fixed temperature difference T changes in gust size may result in the interface moving by over a metre. In figure 16(b) we plot the temperature difference between the lower layer and the interior shop temperature as a function of T. In cold winter conditions T ∼ 20 K, and so the temperature difference may be up to 3 K, possibly affecting thermal comfort in the space. 
Conclusions
The natural ventilation of a space subject to a series of identical turbulent buoyant thermals has been studied analytically and experimentally as a simplified model of ventilation driven by gusts of wind. Although the modelling is based on periodic wind gusts of fixed magnitude which enter an enclosed space, it provides a connection between wind-gust-driven ventilation and ventilation driven by more continuous flow through vent openings; also, it provides a reference to interpret the effects of more random wind gusts, and we describe some initial results illustrating the effects of such variations.
Our modelling has shown that if the draining time of the space is much longer than the interval between thermals a quasi-steady state is predicted to develop in the space, consisting of a two-layer stratification. An important result is that, in contrast to a continuous displacement ventilation flow (Linden et al. 1990 ) the position of the R. W. Mott and A. W. Woods interface is not independent of the buoyancy flux but is a function of the product of the time between the release of each thermal and the square root of the total buoyancy contained in each thermal. New experiments have measured the density profile within the space in the quasi-steady regime. For parameters such that the interface was in the upper half of the space a two-layer stratification was seen to develop in the space; however for interface heights further from the source the density profiles appeared to change more gradually with depth. The effect of varying gust size about some mean has been investigated. Increased variation in gust size was seen to produce a density profile which changes more gradually with depth, and the approximation of a well-mixed, two-layer model stratification is less accurate; as a result, there is a decrease in the total buoyancy in the space. The model was then extended to consider the effect of longer time intervals between thermals and it was shown that this leads to an interior density stratification whose height varies cyclically in time.
There are numerous avenues for further research in this general topic of transient wind-driven ventilation, including the effects of multiple vents, and the role of the initial momentum of the gusts, especially in driving the interaction and merger of successive thermals. It would also be interesting to carry out new experiments to explore the dynamics of larger thermals for which the entrainment and mixing becomes limited by the bounding walls of the enclosed space, and to study the effects of penetrative entrainment associated with thermals which are arrested by the stratification. However, the present modelling, although simplified, is consistent with the simplified experiments reported herein, and provides some reference models with which further research concerning merger of thermals, penetrative convection, and the non-homogenization of thermals may be interpreted.
